In this paper we discuss several solutions of the damped harmonic oscillator with time-dependent frictional coefficient and time-dependent frequency. We consider three types of frictional coefficient and frequency. We discuss the 2 × 2 matrix formulation for the frictional coefficient γ(t) = γ 0 1+qt and frequency w(t) = w 0 1+qt , (q > 0).
Introduction
The harmonic oscillator is a system playing an important role both in classical and quantum mechanics. It appears in various physical applications running from condensed matter to semiconductors (see e.g. [1] for references to such problems). The harmonic oscillator equation with time-dependent parameters [2] [3] [4] [5] [6] has been discussed for a sudden frequency change using a continuous treatment based on an invariant formalism [7] . This analytic treatment requires that the time-dependent parameter be a monotonic function whose variation is short compared with the typical period of the system.
In 1931, Bateman presented [8] the so-called dual or mirror image formalism for damped oscillator. The Lagrangian for the linearly damped free particle was first obtained by Caldirola [9] and Kanai [10] . They considered the following Lagrangian
which gives the equation of motion for the the linearly damped free particlë
In general the damped harmonic oscillator with time-dependent frictional coefficient and time-dependent frequency is governed by the following equation
where we set the mass of a particle to be unity. The Lagrangian L = 1 2 v 2 − S(x, t) does not give the eq.(1). One can make use of Jacobis Last Multiplier M (t) to derive a suitable Lagrangian giving the eq.(1). Consider Lagrangian
where last multiplier turns out to be the integrating factor of such an equation obeying
The canonical momentum p is given by
Comparing the equation of motion derived from the eq.(2) with the eq.(1), one get
By using the standard Legendre transformation it follows that the corresponding Hamiltonian is
In this paper we discuss several solutions of the damped harmonic oscillator with time-dependent frictional coefficient and time-dependent frequency. The paper is organized as follows: In section II we obtain solutions for the damped harmonic oscillator with time-dependent frictional coefficient and time-dependent frequency for γ(t) = , (q > 0) and γ(t) = γ 0 e − t , w(t) = w 0 e − t , ( > 0) and γ(t) = γ 0 tanh t, w(t) = w 0 tanh t. In section III we discuss the 2 × 2 matrix formulation for the case of γ(t) = , (q > 0).
Solution of the equation of motion
In this section we solve the eq.(1) for three cases. First we present the general solving technique. If we introduce the function y(t) of the form
we obtainÿ
Let us change the variable z = w(t). If we replace some t-dependent functions with z-dependent ones through
the eq. (8) reduces to
In the following subsections we obtain the solutions of the eq. (10) for three choices of γ(t), w(t). Here we impose the following initial condition:
In this case we have
Thus, the eq.(10) reduces to
The solution to the eq. (13) is
where
For γ 0 − q > 2w 0 , using the initial condition (11), we have
which is a q-deformed over damping case. For γ 0 − q = 2w 0 , using the initial condition (11), we have
which is a q-deformed critical damping case. For γ 0 −q < 2w 0 , using the initial condition (11), we have
which is a q-deformed under damping case.
γ(t)
(22) Now we choose α so that it obeys
Then, we get
The eq.(22) can be written as
We set the solution to the eq.(25) like
Inserting the eq.(27) into the eq. (25), we have the following characteristic equation for λ:
Here we set a 0 = 1 hence λ = 0. The recurrence relation is given by
Solving the eq. (29) we get
where (a) 0 = 1, (a) n = a(a + 1)(a + 2) · · · (a + n − 1). Thus, we have
Because the characteristic equation has double root, the second solution takes the following form :
Inserting the eq.(32) into the eq.(25) we get
Solving the eq.(33), we obtain
and (n + 1)
The first few b n 's are
Thus, we have
Because t = 0 gives z = w 0 , from x(0) = A, we get
(40) where we used
Because
, from v(0) = 0, we obtain
2.3 γ(t) = γ 0 tanh t, w(t) = w 0 tanh t
If we set z = w 0 η, we have
44) Now we choose α so that it obeys
where α is real when γ Here we set a 0 = 1, a 1 = 0 hence λ = 0, 1. The recurrence relation is given by
Solving the eq.(49) for λ = 0, we obtain
Thus, we have the solution for λ = 0 like
Solving the eq.(49) for λ = 1, we obtain
Thus, we have the solution for λ = 1 like
The general solution of the eq. (44) is then given by
and
(56) Using the initial condition we get c 1 = A, c 2 = 0, hence
In this section we consider the 2 × 2 Matrix formulation for the case of γ(t) =
, (q > 0), α = 1. For the eq.(1), we set
Inserting the eq.(58) into the eq. (1) we geẗ
In order to convert this second order equation to a first order system we introduce
where ψ 1 , ψ 2 are two independent solutions of the eq. (1). Now consider the following matrix equation:
If we set
from the eq.(63) we have
Here we choose α 1 = α 4 = q/2. Then, we have
and the solution of the eq. (62) is
In the eq.(65) we choose α 2 , α 3 as
for q-deformed over damping and
for q-deformed under damping. For the q-deformed over damping case we have
Using the relation 
which gives the same result as the eq.(18). Similarly, if we replace α 2 = −α 3 = w 1 = iw 2 , we can have the same solution for the q-deformed under damping case.
coefficient and time-dependent frequency governed by the equation of motionẍ + γ(t)ẋ + w 2 (t)x = 0. We introduced the function y(t) of the form y(t) = e , (q > 0), α = 1 for q-deformed over damping case, q-deformed critical damping case and qdeformed under damping case. Second, we considered the case of γ(t) = γ 0 e − t , w(t) = w 0 e − t , ( > 0). In this case we obtained the solutions expressed in terms of the hypergeometric functions. Third, we considered the case of γ(t) = γ 0 tanh t, w(t) = w 0 tanh t. In this case we also obtained the solutions expressed in terms of the hypergeometric functions. Finally, we discussed the 2×2 Matrix formulation for the case of γ(t) = , (q > 0), α = 1. We solved the matrix differential equation to obtain the same solution for the q-deformed under damping case.
